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Abstract
Let λ1(T ) and λ2(T ) be the largest and the second largest Laplacian eigenvalues of a tree
T . We obtain the following sharp lower bound for λ1(T ):
λ1(T )  max
{
(di + mi + 1) +
√
(di + mi + 1)2 − 4(dimi + 1)
2
: vi ∈ V
}
,
where di and mi denote the degree of vertex vi and the average of the degrees of the vertices
adjacent to vertex vi respectively. Equality holds if and only if T is a tree T (di , dj ), where
T (di , dj ) is formed by joining the centres of di copies of K1,dj−1 to a new vertex vi , that is,
T (di , dj ) − vi = diK1,dj−1.
Let v1 be the highest degree vertex of degree d1 and v2 be the second highest degree vertex
of degree d2. We also show that if T is a tree of order n > 2, then
λ2(T ) 
{
d2 if v1v2 ∈ E,
(d2+1)+
√
(d2+1)2−4
2 if v1v2 /∈ E,
where E is the set of edges. Equality holds if T = T1(d1) or T = T2(d1), where T1(d1) is
formed by joining the centres of two copies of K1,d1−1 and T2(d1) is formed by joining the
centres of two copies of K1,d1−1 to a new vertex.
Moreover, we obtain the lower bounds for the sum of two largest Laplacian eigenvalues.
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1. Introduction
Let G = (V ,E) be a simple undirected graph with V = {v1, v2, v3, . . . , vn} and
E = {e1, e2, . . . , em}. Assume that the vertices are ordered such that d1  d2 
· · ·  dn−1  dn, where di is the degree of vi for i = 1, 2, . . . , n. For vi ∈ V , the
set of neighbors of vi and the average of the degrees of the vertices adjacent to vi
are denoted by Ni and mi respectively. Let A(G) be the (0, 1)-adjacency matrix of
G and D(G) be the diagonal matrix of vertex degrees. The Laplacian matrix of G
is L(G) = D(G) − A(G). From Geršgorin’s theorem, it follows that its eigenvalues
are non-negative real numbers. Moreover since its rows sum to 0, 0 is the smallest
eigenvalue of L(G). Throughout this paper let λ1(G)  λ2(G)  · · ·  λn−1(G) 
λn(G) = 0 be the eigenvalues of L(G). It is well known that if H is a subgraph of
G, then λ1(H)  λ1(G).
Gutman et al. [4,5] recently discovered connection between photoelectron spectra
of saturated hydrocarbons (alkanes) and the Laplacian eigenvalues of the underly-
ing molecular graphs. So it is significant and necessary to investigate the relations
between the graph-theoretic properties of G and its eigenvalues. Till now, plenty
of upper bounds on the largest Laplacian eigenvalue of graphs [1, Section 1] have
been given. Stevanovic´ [7] also obtained an upper bound on the largest Laplacian
eigenvalue of trees. Only Grone and Merris [2] presented a lower bound for the
largest Laplacian eigenvalue λ1(G) as follows:
λ1(G)  d1 + 1. (1)
In Section 2, we give a lower bound for the largest Laplacian eigenvalue of a tree
and it is stronger than the previous bound given by (1).
In [6], Li and Pan proved the following result:
λ2(G)  d2, (2)
with equality if G is a r × s complete bipartite graph Kr,s or a tree Tn with degree
sequence π(Tn) = ( n2 , n2 , 1, . . . , 1), where n  4 is even. In Section 3, we give a
lower bound on the second largest Laplacian eigenvalue λ2(G) of a tree T . It is
important to note that the lower bound of λ2(G) is related with the second highest
degree d2. Also it is shown that our bound is stronger than the previous bound.
In [2, p. 224], Grone and Merris found a lower bound on the sum of the two largest
Laplacian eigenvalues of a graph. In Section 4, we obtain the lower bound of the sum
of the two largest Laplacian eigenvalues of a tree T . Also this bound is stronger than
the previous bound given by Grone and Merris.
2. Lower bound for the largest Laplacian eigenvalue
Lemma 2.1. Let a graph G have some pendant vertices. We separate the pendant
vertices into groups such that all the pendant vertices in each group have a common
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neighbor. In each such group, the eigencomponents of an eigenvector corresponding
to any eigenvalue /= 1 are equal.
Proof. Let X = (x1, x2, . . . , xn)T be an eigenvector corresponding to the eigenvalue
λ(G) of L(G). Also, let vi1 , vi2 , . . . , vir , all vertices of V = {v1, v2, . . . , vn}, be
pendant vertices adjacent to the vertex vi . For vk ∈ V ,
λ(G)xk = dkxk −
∑
j
{xj : vkvj ∈ E}, k = 1, 2, . . . , n.
For k = i1, i2, . . . , ir
(λ(G) − 1)xk = −xi. (3)
From (3), we conclude that xk, k = i1, i2, . . . , ir are equal, because λ(G) /= 1. 
For any two vertices u and v connected by a path in a graph G, we define the
distance between u and v, denoted by d(u, v), to be the length of a shortest u–v
path. Let G be a connected graph with vertex set V . For each v ∈ V , the eccentricity
of v, denoted by e(v), is defined by
e(v) = max{d(u, v) : u ∈ V, u /= v}.
Now we apply Lemma 2.1 to obtain the following lower bound for λ1(T ).
Lemma 2.2. Let T be a tree of n vertices and suppose there exists a vertex v ∈ V
such that e(v)  2, then
λ1(T ) 
(d + m + 1) +√(d + m + 1)2 − 4(dm + 1)
2
, (4)
where d is the degree of the vertex v and m is the average of the degrees of the
adjacent vertices of v. Moreover, the equality holds in (4) if and only if the degrees
of the adjacent vertices of v are all equal.
Proof. Let vi1 , vi2 , . . . , vid be the vertices adjacent to v and the corresponding de-
grees be di1 , di2 , . . . , did . Since e(v)  2, vertices vi1 , vi2 , . . . , vid are adjacent to the
(di1 − 1), (di2 − 1), . . . , (did − 1) pendant vertices respectively.
Let the eigencomponents of an eigenvector of λ1(T ) corresponding to the vertices
vi1 , vi2 , . . . , vid be xi1 , xi2, . . . , xid respectively. Since there is at least one edge in
the tree T , λ1(T )  2. Using Lemma 2.1, the eigencomponents of λ1(T ) corres-
ponding to the pendant vertices which are adjacent to vij are equal to
xij
(1−λ1(T )) ,
j = 1, 2, . . . , d .
Let xd be the eigencomponent of λ1(T ) corresponding to the vertex v. For vij ∈
V ,
λ1(T )xij = dij xij − (dij − 1)
xij
(1 − λ1(T )) − xd, j = 1, 2, . . . , d;
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i.e., xij =
−xd
λ1(T ) − dij +
(dij −1)
(1−λ1(T ))
= −xd
λ1(T ) − 1 − (dij −1)λ1(T )(λ1(T )−1)
, j = 1, 2, . . . , d. (5)
For v ∈ V ,
λ1(T )xd = dxd −
∑
j
{xij : vvij ∈ E}
= dxd −
d∑
j=1
xij . (6)
If xd = 0 then every eigencomponent is 0. Therefore xd /= 0. From (5) and (6)
we get
λ1(T ) = d +
d∑
j=1
1
λ1(T ) − 1 − (dij −1)λ1(T )(λ1(T )−1)
. (7)
Since λ1(T )  d1 + 1, we have that
λ1(T ) − 1 −
(dij − 1)λ1(T )
(λ1(T ) − 1) = λ1(T ) − dij −
(dij − 1)
λ1(T ) − 1 > 0.
Using the inequality between the arithmetic and harmonic means in (7), we get
λ1(T ) d + d
2
d(λ1(T ) − 1) −∑dj=1 (dij −1)λ1(T )(λ1(T )−1)
= d + d
2
d(λ1(T ) − 1) − λ1(T )(λ1(T )−1) (dm − d)
.
Therefore λ21(T ) − λ1(T )(d + m + 1) + (1 + dm)  0, wherefrom we get (4).
The equality holds in (4) if and only if
λ1(T ) − 1 −
(dij − 1)λ1(T )
(λ1(T ) − 1) = λ1(T ) − 1 −
(dik − 1)λ1(T )
(λ1(T ) − 1) , j, k = 1, 2, . . . , d;
that is, if and only if di1 = di2 = · · · = did . 
Lemma 2.3 [3]. Let G be a connected bipartite graph, and let G′ be a subgraph
of G. Then λ1(G′)  λ1(G), and equality holds if and only if G′ = G.
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Theorem 2.4. Let T be a tree. If λ1(T ) is the largest eigenvalue of L(T ), then
λ1(T )  max
{
(di + mi + 1) +
√
(di + mi + 1)2 − 4(dimi + 1)
2
: vi ∈ V
}
, (8)
where di is the degree of the vertex vi and mi is the average of the degrees of the
adjacent vertices of vertex vi . Moreover, the equality holds if and only if T is a tree
T (di, dj ), where T (di, dj ) is formed by joining the centres of di copies of K1,dj−1
to a new vertex vi, that is, T (di, dj ) − vi = diK1,dj−1.
Proof. We know that if H is a subgraph of G, then λ1(H)  λ1(G). Using this
result and Lemma 2.2 we get
λ1(T ) 
(di + mi + 1) +
√
(di + mi + 1)2 − 4(dimi + 1)
2
, vi ∈ V. (9)
From (9), we get the required result (8).
Now suppose that the equality holds in (8). Let (8) gives the maximum at the
vertex vi . Therefore
λ1(T ) = (di + mi + 1) +
√
(di + mi + 1)2 − 4(dimi + 1)
2
. (10)
From Lemma 2.3 we get that λ1(T ) > λ1(T1) if T ⊃ T1. Using this result and Lemma
2.2 we conclude that T = T (di, dj ), where T (di, dj ) is formed by joining the centres
of di copies of K1,dj−1 to a new vertex vi .
Conversely, let T = T (di, dj ). We can easily see that the equality holds
in (8). 
Remark. Note that the lower bound given by (8) is slightly less than the much
simpler value d1 + 1 + √m1 − 1. It is well known that the previous lower bound on
the largest Laplacian eigenvalue is d1 + 1. Hence the difference between the present
bound and the previous bound in the class of trees with fixed d1 and m1 is(
√
m1),
where m1 is the average of the degrees of the vertices adjacent to v1.
3. The second largest Laplacian eigenvalue
In this section we give a lower bound on the second largest Laplacian eigenvalue
of a tree in terms of second highest degree d2.
Lemma 3.1. Let G = (V ,E) be a graph with vertex subset V ′ = {v1, v2, . . . , vk}
having the same set of neighbors {vk+1, vk+2, . . . , vs}, where V = {v1, . . . , vk, . . . ,
vs, . . . , vn}. Then this graph G has at least (k − 1) equal eigenvalues and they
are all equal to the cardinality of the neighbor set. Also the corresponding (k − 1)
eigenvectors are
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(1,−1︸ ︷︷ ︸
2
, 0, . . . , 0)T, (1, 0,−1︸ ︷︷ ︸
3
, 0, . . . , 0)T, . . . , and (1, 0, . . . ,−1︸ ︷︷ ︸
k
, 0, . . . , 0)T.
Proof. Let X = (x1, x2, . . . , xn)T be an eigenvector corresponding to an eigenvalue
λ(G) of L(G). Therefore
λ(G)xi = dixi −
∑
j
{xj : vivj ∈ E}, i = 1, 2, . . . , n.
We can easily see that the eigenvalue N with corresponding eigenvectors
(1,−1︸ ︷︷ ︸
2
, 0, . . . , 0)T, (1, 0,−1︸ ︷︷ ︸
3
, 0, . . . , 0)T, . . . , and (1, 0, . . . ,−1︸ ︷︷ ︸
k
, 0, . . . , 0)T
satisfy the above relation, where N is the cardinality of the set {vk+1, vk+2, . . . , vs}.
Since these (k − 1) eigenvectors are linearly independent, N is an eigenvalue of
L(G) of multiplicity at least (k − 1) with the above mentioned (k − 1) eigen-
vectors. 
Let us consider two trees T1 and T2 as shown in Fig. 1. Also let v1 be the highest
degree vertex of degree d1 and v2 be the second highest degree vertex of degree
d2. The number of pendant vertices adjacent to v1 and v2 are (d1 − 1) and (d2 − 1)
respectively. For tree T1, vertices v1 and v2 are adjacent. For tree T2, vertices v1 and
v2 have a common neighbor, vertex v3.
Lemma 3.2. Let T1 be a tree as shown in Fig. 1. Then the eigenvalues of L(T1)
are 1 of multiplicity (d1 + d2 − 4), 0 of multiplicity 1 and the remaining eigenvalues
satisfy the following equation:
λ3(T1) − (d1 + d2 + 2)λ2(T1) + (d1 + d2 + d1d2 + 2)λ(T1) − (d1 + d2) = 0. (11)
Proof. Using Lemma 3.1 we can show that 1 is an eigenvalue of multiplicity (d1 +
d2 − 4) of L(T1).
Let λ(T1) ( /= 1) be an eigenvalue of L(T1). Since λ(T1) /= 1, all the eigencom-
ponents of λ(T1) corresponding to the pendant vertices adjacent to v1 are equal, say
x1. Also all the eigencomponents of λ(T1) corresponding to the pendant vertices
adjacent to v2 are equal, say x4.
Fig. 1.
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Let x2 and x3 be the eigencomponents of λ(T1) corresponding to the vertices v1
and v2. Then the following system of equations holds:
λ(T1)x1 = x1 − x2,
λ(T1)x2 = d1x2 − (d1 − 1)x1 − x3,
λ(T1)x3 = d2x3 − (d2 − 1)x4 − x2,
λ(T1)x4 = x4 − x3.
Eliminating x1, x2, x3, x4 from these equations, we get one of the eigenvalues is 0
and the remaining eigenvalues satisfy Eq. (11). 
From (1) and (2), we get λ1(G)  d1 + 1 and λ2(G)  d2 respectively. Therefore
λ1(T1) > 2 and λ2(T1)  2. Let λ1(T1)  λ2(T1)  λp(T1) > 0 be the roots of the
equation f (λ(T1)) = 0, where f (λ(T1)) = λ3(T1) − (d1 + d2 + 2)λ2(T1) + (d1 +
d2 + d1d2 + 2)λ(T1) − (d1 + d2). Then λ1(T1) + λ2(T1) + λ3(T1) = d1 + d2 + 2.
We have f (0) = −(d1 + d2) < 0, and f (1) = (d1 − 1)(d2 − 1) > 0. Then 0 <
λp(T1) < 1 and hence p = d1 + d2 − 1.
Lemma 3.3. Let T2 be a tree as shown in Fig. 1. Then the eigenvalues of L(T2)
are 1 of multiplicity (d1 + d2 − 4), 0 of multiplicity 1 and the remaining eigenvalues
satisfy the following equation:
λ4(T2) − (d1 + d2 + 4)λ3(T2) + (d1d2 + 3d1 + 3d2 + 5)λ2(T2)
−(2d1d2 + 2d1 + 2d2 + 4)λ(T2) + (d1 + d2 + 1) = 0. (12)
Proof. Using Lemma 3.1 we can show that 1 is an eigenvalue of multiplicity (d1 +
d2 − 4) of L(T2).
Let λ(T2)( /= 1) be an eigenvalue of L(T2). Since λ(T2) /= 1, all the eigencom-
ponents of λ(T2) corresponding to the pendant vertices adjacent to v1 are equal, say
x1. Also all the eigencomponents of λ(T2) corresponding to the pendant vertices
adjacent to v2 are equal, say x5.
Let x2, x3 and x4 be the eigencomponents of λ(T2) corresponding to the vertices
v1, v3 and v2. Then the following system of equations holds:
λ(T2)x1 = x1 − x2,
λ(T2)x2 = d1x2 − (d1 − 1)x1 − x3,
λ(T2)x3 = 2x3 − x2 − x4,
λ(T2)x4 = d2x4 − (d2 − 1)x5 − x3,
λ(T2)x5 = x5 − x4.
Eliminating x1, x2, x3, x4, x5 from these equations, we get one of the eigenvalues is
0 and the other eigenvalues satisfy Eq. (12). 
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Similarly, λ1(T2) > 2 and λ2(T2) > 2. Let λ1(T2)  λ2(T2)  λr(T2)  λs(T2)
be the roots of the equation g(λ(T2)) = 0, where g(λ(T2)) = λ4(T2) − (d1 + d2 +
4)λ3(T2)+ (d1d2 + 3d1 + 3d2 + 5)λ2(T2) − (2d1d2 + 2d1 + 2d2 + 4)λ(T2)+ (d1 +
d2 + 1). Then λ1(T2) + λ2(T2) + λr(T2) + λs(T2) = d1 + d2 + 4.
We have g(0) = d1 + d2 + 1 > 0, g(1) = −(d1 − 1)(d2 − 1) < 0 and g(2) =
d1 + d2 − 3 > 0. Then 0 < λs(T2) < 1, 1 < λr(T2) < 2 and hence s = d1 + d2, r = 3.
Theorem 3.4. Let T be a tree with n > 2. Then
λ2(T ) 
{
d2 if v1v2 ∈ E,
(d2+1)+
√
(d2+1)2−4
2 if v1v2 /∈ E,
where d2 is the second highest degree of T and v1, v2 are the highest and the second
highest degree vertices. Moreover, the equality holds if T is a tree T1(d1) or a tree
T2(d1), where T1(d1) is formed by joining the centres of two copies of K1,d1−1 and
T2(d1) is formed by joining the centres of two copies of K1,d1−1 to a new vertex.
Proof. If T is a star of n vertices, then the equality holds. Otherwise, T has diameter
at least 3. Three cases arise viz. (i) v1v2 ∈ E, (ii) v1v2 /∈ E, |N1 ∩ N2| = 0, (iii)
v1v2 /∈ E, |N1 ∩ N2| /= 0.
Case (i) v1v2 ∈ E.
In this case T1 is the subtree of T . We have that λ2(T1)  λ2(T ).
Now we have f (d2) = (d1 − d2)(d2 − 1)  0, and f (d1 + 1) = −(d1 + d2 − 1)
< 0.
Using the above result and λ1(T1) > d1 + 1, we get λ2(T1)  d2.
Case (ii) v1v2 /∈ E, |N1 ∩N2| = 0.
In this case v1 and v2 have no common neighbor. Therefore there exists an edge
such that deleting it from the tree T , we will get two trees T ∗ and T ∗∗ of highest
degree d1 and d2, respectively. Therefore λ1(T ∗)  d1 + 1, and λ1(T ∗∗)  d2 + 1,
which implies that λ2(T )  λ1(T ∗∗)  d2 + 1.
Case (iii) v1v2 /∈ E, |N1 ∩N2| /= 0.
Since T is a tree, in this case a vertex, say v3 is the only common neighbor of
v1 and v2. So T2 is the subtree of T , that is, λ2(T2)  λ2(T ). In particular the path
P5 is a subtree of T2, therefore d2  2 and λ2(T2) > 2.
Now we find the lower bound of λ2(T2). For this first we prove that the eigen-
components x2 and x4 of the eigenvalue λ2(T2) are of different signs.
We have[
λ2(T2) − d1 − d1
(λ2(T2) − 1) −
1
(λ2(T2) − 1)(λ2(T2) − 2)
]
x2 = 1
(λ2(T2) − 2) x4. (13)
Two subcases are (a) d1 /= d2, (b) d1 = d2.
Subcase (a) d1 /= d2.
We have g(d2 + 2) = −(d1 − d2 − 1)[(d2 + 1)2 − 2] − 2 < 0, and g(d2) =
(d1 − d2 + 1)[d2(d2 − 2) + 1] > 0. Since λ1(T2)  d1 + 1  d2 + 2, we get d2 +
2 > λ2(T2) > d2. Since d1  d2 + 1, and 2 < λ2(T2) < d2 + 2, we have that
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λ2(T2) − d1 − d1
(λ2(T2) − 1) −
1
(λ2(T2) − 1)(λ2(T2) − 2)
]
< 0.
From (13) we get that x2 and x4 are of different signs.
Subcase (b) d1 = d2 = d.
In this case g(λ(T2)) = λ4(T2) − (2d + 4)λ3(T2) + (d2 + 6d + 5)λ2(T2) − (2d2
+ 4d + 4)λ(T2) + (2d + 1). We have g(d + 1) = −1 < 0, and g(d) = (d − 1)2 >
0. Therefore d < λ2(T2) < d +1 as λ1(T2)  d + 1. In particular, λ2(T2) > 2, there-
fore
λ2(T2) − d − d
(λ2(T2) − 1) −
1
(λ2(T2) − 1)(λ2(T2) − 2) < 0.
From (13) it follows that x2 and x4 are of different signs.
Now we have
λ2(T2)(x2 − x4) = (d1x2 − d2x4) + (d1x2 − d2x4)
(λ2(T2) − 1) −
(x2 − x4)
(λ2(T2) − 1) ,
i.e., λ22(T2) − λ2(T2) + 1 = λ2(T2)
(d1x2 − d2x4)
x2 − x4 ,
i.e., λ22(T2) − (k + 1)λ2(T2) + 1 = 0,
i.e., λ2(T2) = (k + 1) ±
√
(k + 1)2 − 4
2
, where k = (d1x2 − d2x4)
x2 − x4 .
Since x2 and x4 are of different signs, d2  k  d1. Also since λ2(T2) > d2, we get
λ2(T2) = (k + 1) +
√
(k + 1)2 − 4
2
 (d2 + 1) +
√
(d2 + 1)2 − 4
2
.
Since d2 + 1 > (d2+1)+
√
(d2+1)2−4
2 , we get the required result.
Let T be a tree T1(d1) or a tree T = T2(d1), where T1(d1) is formed by joining
the centres of two copies of K1,d1−1 and T2(d1) is formed by joining the centres
of two copies of K1,d1−1 to a new vertex. Then λ2(T1(d1)) = d2, λ2(T2(d1)) =
(d2+1)+
√
(d2+1)2−4
2 and d1, d2 are equal for both the trees T1(d1), T2(d1).
Hence the theorem. 
Remark. Our bound is always better than the bound given by Li and Pan [6], but
our bound is applicable in the case of trees only.
For Lemma 3.5 we consider that the highest degree d1 and the second highest
degree d2 are equal for both trees T1 and T2 in Fig. 1.
Lemma 3.5. Let T be a tree with n > 2 and d1 = d2 = d. If λ2(T ) = d then T is
a star or a tree T1(d), where T1(d) is formed by joining the centres of two copies of
K1,d−1 and d1, d2 are the highest degree and the second highest degree respectively.
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Proof. Let v1 and v2 be respectively the highest degree vertex of degree d1 and
the second highest degree vertex of degree d2. Since n > 2, T has diameter at least
2. When the diameter is equal to 2, T is a star and the equality λ2(T ) = d holds.
Otherwise T is a super-tree of any one of the trees T1, T2 or a tree where v1v2 /∈ E
and |N1 ∩ N2| = 0.
If v1v2 /∈ E and |N1 ∩ N2| = 0 in tree T , then from Theorem 3.4 Case (ii) we get
λ2(T )  d2 + 1 = d + 1. This case is not possible as λ2(T ) = d .
If T2 is a subtree of T , then we have λ2(T )  λ2(T2) > d = λ2(T ), which is not
possible.
If T1 is a subtree of T , then we have λ2(T1)  λ2(T ). For tree T1, using Theorem
3.4 we conclude that λ2(T1) = d . Using this result and from the given relation we
get λ2(T ) = λ2(T1). We have to prove that T is a tree T1(d). For this we consider
two trees T3 and T4 as shown in Fig. 2. For tree T3, v1 is a vertex of degree (d + 1),
v2 is a vertex of degree d and all other vertices are of degree 1. For tree T4, vertices
v1 and v2 are of degree d , vertex v3 is of degree 2 and all other remaining vertices
are of degree 1.
Since T3 and T4 are super-trees of T1, we have that λ2(T1)  λ2(T3) and λ2(T1) 
λ2(T4). Now we prove that λ2(T1) < λ2(T3). We have
X = (1, 1, . . . , 1︸ ︷︷ ︸
(d−1)
,−(d − 1),−(d − 1), 1, 1, . . . , 1︸ ︷︷ ︸
(d−1)
)T
is an eigenvector of the eigenvalue λ2(T1) = d of L(T1). Suppose that d is the second
largest eigenvalue of L(T3). Since all the eigencomponents of the second largest
eigenvalue λ2(T3) corresponding to the pendant vertices adjacent to v2 are equal, we
assume them all to be 1. Therefore the eigencomponents of λ2(T3) corresponding to
v2, v1 and pendant vertex adjacent to v1 are −(d − 1), −(d − 1) and 0 respectively.
Now at the pendant vertex adjacent to v1, d·0 = 1·0 + (d − 1), that is, d = 1, which
is not possible. Therefore d is not the second largest eigenvalue of L(T3). Hence
λ2(T1) < λ2(T3).
Next, we prove that λ2(T1) < λ2(T4). Again suppose that d is the second largest
eigenvalue of L(T4). Since all the eigencomponents of the second largest eigenvalue
λ2(T4) corresponding to the pendant vertices adjacent to v1 are equal, we assume
them all to be 1. Therefore the eigencomponents of λ2(T4) corresponding to v1, v2,
v3 and pendant vertex adjacent to v2 are −(d − 1), −(d − 1), 1 and 1 respectively.
Also, the eigencomponent of λ2(T4) corresponding to the pendant vertex adjacent
Fig. 2.
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to v3 is 1. Therefore d is not the second largest eigenvalue of L(T4) because the
sum of the all eigencomponents corresponding to non-zero eigenvalue is zero. Hence
λ2(T1) < λ2(T4).
Therefore we conclude that if any new vertex is made adjacent to any vertex of T1
then the second largest eigenvalue increases. Hence T is a tree T1(d), where T1(d)
is formed by joining the centres of two copies of K1,d−1. 
4. The sum of the two largest Laplacian eigenvalues
In this section we find the lower bound on the sum of the two largest Laplacian
eigenvalues of a tree. Grone and Merris [2] found a lower bound on the sum of the
two largest Laplacian eigenvalues of an arbitrary connected graph.
Lemma 4.1 [2]. Let G be a connected graph on n > 2 vertices. Then λ1(G) +
λ2(G)  d1 + d2 + 1. If there are two non-adjacent vertices in G having degrees
d1 and d2, then λ1(G) + λ2(G)  d1 + d2 + 2.
Theorem 4.2. Let T be a tree. Then
λ1(T ) + λ2(T )


(d1+2d2+m1+1)+
√
(d1+m1+1)2−4(d1m1+1)
2 if v1v2 ∈ E,
(d1+d2+m1+2)+
√
(d2+1)2−4+
√
(d1+m1+1)2−4(d1m1+1)
2 if v1v2 /∈ E,
where v1 and v2 are the highest degree vertex of degree d1 and the second highest
degree vertex of degree d2 respectively.
Proof. From (9), we get
λ1(T ) 
(d1 + m1 + 1) +
√
(d1 + m1 + 1)2 − 4(d1m1 + 1)
2
.
Using this result and Theorem 3.4, we get the required result. 
Now we give another lower bound on the sum of the two largest Laplacian eigen-
values of a tree. In order to present our result, we need some lemmas. First we prove
these lemmas.
Lemma 4.3. Let T1 be a tree as shown in Fig. 1 and λd1+d2−1(T1) be the lowest
non-zero eigenvalue of L(T1). Then
λd1+d2−1(T1) 
(d2 + 2) −
√
(d2 + 2)2 − 8
2
, (14)
where d2 is the second highest degree of T1.
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Proof. From T1, x2 = (1 − λd1+d2−1(T1))x1 and x3 = (1 − λd1+d2−1(T1))x4. There-
fore both the pairs x1, x2 and x3, x4 are of the same sign as λd1+d2−1(T1) < 1. But
we know that all the Laplacian eigencomponents of non-zero eigenvalue are not of
the same sign. Therefore x2 and x3 are of different signs.
We have
λd1+d2−1(T1)(x2 − x3) = d1x2 − d2x3 +
1
(λd1+d2−1(T1) − 1)
×[(d1x2 − d2x3) − (x2 − x3)] + (x2 − x3),
i.e., λ2d1+d2−1(T1) − 2λd1+d2−1(T1) + 2 = λd1+d2−1(T1)
d1x2 − d2x3
x2 − x3
= kλd1+d2−1(T1),
i.e., λ2d1+d2−1(T1) − (k + 2)λd1+d2−1(T1) + 2 = 0,
i.e., λd1+d2−1(T1) =
(k + 2) ±√(k + 2)2 − 8
2
, where k = d1x2 − d2x3
x2 − x3 .
Since x2 and x3 are of different signs, d2  k  d1. Also since λd1+d2−1(T1) < 1,
we have that
λd1+d2−1(T1) =
(k + 2) −
√
(k + 2)2 − 8
2
 (d2 + 2) −
√
(d2 + 2)2 − 8
2
. 
Lemma 4.4. Let T2 be a tree as shown in Fig. 1 and λd1+d2(T2) be the lowest non-
zero eigenvalue of L(T2). Then
λd1+d2(T2) 
(d2 + 1) −
√
(d2 + 1)2 − 4
2
,
where d2 is the second highest degree of T2.
Proof. From T2, we have x2 = (1 − λd1+d2(T2))x1 and x4 = (1 − λd1+d2(T2))x5.
Since λd1+d2(T2) < 1, we get that both the pairs x1, x2 and x4, x5 are of the same
sign.
If possible, let both x2 and x4 be of the same sign. Also, we have x2 + x4 =
(2 − λd1+d2(T2))x3. Then x3 is of the same sign as x2 and x4. But it is not possible,
because all the Laplacian eigencomponents of non-zero eigenvalue are not of the
same sign. Therefore x2 and x4 are of different signs.
We have
λd1+d2(T2)(x2 − x4) = (d1x2 − d2x4) +
(d1x2 − d2x4)
(λd1+d2(T2) − 1)
− (x2 − x4)
(λd1+d2(T2) − 1)
,
i.e.,
λ2
d1+d2(T2) − λd1+d2(T2) + 1
λd1+d2(T2)
= (d1x2 − d2x4)
(x2 − x4) ,
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i.e., λ2d1+d2(T2) − λd1+d2(T2) + 1 = kλd1+d2(T2), where k =
(d1x2 − d2x4)
(x2 − x4) .
Since x2 and x4 are of different signs, d2  k  d1. Also since λd1+d2(T2) < 1, we
have that
λd1+d2(T2) 
(d2 + 1) −
√
(d2 + 1)2 − 4
2
. 
Lemma 4.5. Let T2 be a tree as shown in Fig. 1 and λ3(T2) be the third largest
eigenvalue of L(T2). Then
λ3(T2) 
(d2 + 3) −
√
(d2 − 1)2 + 4
2
,
where d2 is the second highest degree of T2.
Proof. We have x2 = (1 − λ3(T2))x1 and x4 = (1 − λ3(T2))x5. From these two
relations and 1 < λ3(T2) < 2 we get that both the pairs x1, x2 and x4, x5 are of
different signs.
Without loss of generality, let x1 be negative and x5 be positive. Then x2 is positive
and x4 is negative.
Also we have x3 = (d1 − λ3(T2))x2 − (d1 − 1)x1, therefore x3 is positive. Again
x3 = (d2 − λ3(T2))x4 − (d2 − 1)x5, therefore x3 is negative, a contradiction.
Therefore x1 and x5 are of the same sign and hence x2 and x4 are of the same
sign.
We have
λ3(T2)x2 = d1x2 + (d1 − 1)x2
(λ3(T2) − 1) +
(x2 + x4)
(λ3(T2) − 2)
and λ3(T2)x4 = d2x4 + (d2 − 1)x4
(λ3(T2) − 1) +
(x2 + x4)
(λ3(T2) − 2) .
Therefore
λ33(T2) − 3λ23(T2) + λ3(T2) =
(
λ23(T2) − 2λ3(T2)
) d1x2 + d2x4
x2 + x4 ,
i.e., λ33(T2) − 3λ23(T2) + λ3(T2) =
(
λ23(T2) − 2λ3(T2)
)
k,
i.e., λ3(T2)
[
λ23(T2) − (k + 3)λ3(T2) + (2k + 1)
]
= 0, where k = d1x2 + d2x4
x2 + x4 .
Since x2 and x4 are of the same sign, d2  k  d1. Also since 1 < λ3(T2) < 2, we
have that
λ3(T2) 
(d2 + 3) −
√
(d2 − 1)2 + 4
2
. 
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Theorem 4.6. Let T be a tree with n > 2. Then
λ1(T ) + λ2(T ) 


d1 + (d2+2)+
√
(d2+2)2−8
2 if v1v2 ∈ E,
d1 + 2 +
√
(d2−1)2+4|N1∩N2|+
√
(d2+1)2−4|N1∩N2|
2 if v1v2 /∈ E,
where v1 and v2 are the highest degree vertex of degree d1 and the second highest
degree vertex of degree d2 respectively.
Proof. If T is a star of n vertices, then the equality holds. Otherwise, T has diameter
at least 3. Therefore T is a super-tree of any one of the trees T1, T2 or a tree where
v1v2 /∈ E and |N1 ∩ N2| = 0.
In tree T1,
λd1+d2−1(T1) 
(d2 + 2) −
√
(d2 + 2)2 − 8
2
.
But we have λ1(T1) + λ2(T1) + λd1+d2−1(T1) = d1 + d2 + 2. Therefore
λ1(T1) + λ2(T1)  d1 + (d2 + 2) +
√
(d2 + 2)2 − 8
2
.
In tree T2,
λ3(T2) + λd1+d2(T2)  d2 + 2 −
√
(d2 − 1)2 + 4
2
−
√
(d2 + 1)2 − 4
2
.
We have λ1(T2) + λ2(T2) = d1 + d2 + 4 − λ3(T2) − λd1+d2(T2). In tree T2, |N1 ∩
N2| = 1. Therefore
λ1(T2) + λ2(T2)  d1 + 2 +
√
(d2 − 1)2 + 4|N1 ∩ N2| +
√
(d2 + 1)2 − 4|N1 ∩ N2|
2
.
If v1v2 /∈ E and |N1 ∩ N2| = 0 in tree T , then from Theorem 3.4 Case (ii) we get
λ2(T )  d2 + 1. Also we have λ1(T )  d1 + 1. Therefore
λ1(T ) + λ2(T )  d1 + d2 + 2
= d1 + 2
+
√
(d2 − 1)2 + 4|N1 ∩ N2| +
√
(d2 + 1)2 − 4|N1 ∩ N2|
2
.
Hence the theorem. 
Remark. We can easily show that the sum of the two largest Laplacian eigenvalues
obtained from Theorem 4.6 is always better than the previous bound given by Grone
and Merris [2].
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